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We show the existence of superradiant modes of massive scalar ﬁelds propagating in BTZ black holes 
when certain Robin boundary conditions, which never include the commonly considered Dirichlet 
boundary conditions, are imposed at spatial inﬁnity. These superradiant modes are deﬁned as those 
solutions whose energy ﬂux across the horizon is towards the exterior region. Differently from rotating, 
asymptotically ﬂat black holes, we obtain that not all modes which grow up exponentially in time are 
superradiant; for some of these, the growth is sourced by a bulk instability of AdS3, triggered by the 
scalar ﬁeld with Robin boundary conditions, rather than by energy extraction from the BTZ black hole. 
Thus, this setup provides an example wherein Bosonic modes with low frequency are pumping energy 
into, rather than extracting energy from, a rotating black hole.
© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The beautiful phenomenon of superradiance found a generic 
realisation in black hole (BH) physics: the ability of extracting en-
ergy and angular momentum from rotating BHs — see Ref. [1] for 
a recent review and Ref. [2] for a mathematically rigorous treat-
ment. This extraction is mediated by low frequency Bosonic modes, 
which get ampliﬁed upon scattering off the rotating BH and grow 
exponentially, becoming an instability if trapped in the vicinity of 
the BH. Much work has been devoted in the last decades towards 
understanding this instability, when the trapping is enforced by 
a mass term of the Bosonic ﬁeld (see e.g. [3–15]). In particular, 
quite recently, interesting progress has been achieved towards un-
derstanding the end state of the superradiant instability of the Kerr 
BH [16,17], possible leading to an equilibrium state between the 
ﬁeld and the (spun down) BH [18–20].
A physically distinct, but equally interesting trapping mecha-
nism is to consider the rotating BH in an asymptotically anti-
de-Sitter (AdS) spacetime. Superradiant instabilities are indeed 
present for rotating AdS BHs, at least when they are suﬃciently 
small (see e.g. [21–25]). An intriguing exception to this rule is 
the geometrically elegant three-dimensional BTZ BH [26,27], which 
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SCOAP3.does not exhibit superradiance, for the simplest Bosonic ﬁeld 
model and simplest (ﬁeld vanishing, i.e., Dirichlet) boundary con-
ditions of the Bosonic ﬁeld at inﬁnity [28].
Dirichlet-type boundary conditions are not, however, the most 
general boundary conditions that can be imposed for test ﬁelds 
in AdS, see e.g. [29]. A more general family of possible bound-
ary conditions is obtained by employing the physical principle 
that they must guarantee the vanishing of the ﬁeld’s energy ﬂux 
at the AdS boundary (see e.g. [30,24,31]). In a recent paper [32], 
partly motivated by [33], we have considered these more gen-
eral Robin boundary conditions (RBCs) for a scalar ﬁeld in the BTZ 
background1 and we have shown that they allow the existence of 
stationary clouds around the BTZ BH, i.e. non-trivial scalar ﬁeld 
conﬁgurations, at the test ﬁeld level, that are neither being ab-
sorbed, nor ampliﬁed by the BH. These conﬁgurations lie at the 
threshold of superradiant modes, suggesting the existence of the 
latter. In this paper we will show that indeed, under RBCs, a scalar 
ﬁeld can exhibit superradiance in the BTZ BH spacetime.
Our study of the superradiance of BTZ BHs under RBCs re-
veals one quite peculiar feature. Using natural deﬁnitions of energy 
and time in this spacetime, one observes that modes that extract 
1 See also [34] for a discussion of the quantum ﬁeld theory of a massive scalar 
ﬁeld in the BTZ BH with RBCs. This reference shows that RBCs for the massive wave 
equation on BTZ yield a well-deﬁned initial value problem. It is also worthwhile 
noticing that RBCs do not break the asymptotic symmetry group of the BTZ BH. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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ponentially in time. We interpret this behaviour as being related 
to an instability of the AdS background itself : a scalar ﬁeld with 
these RBCs has purely (positive) imaginary frequency modes in the 
Poincaré patch of AdS3, signalling exponentially growing modes, 
and thus a bulk instability.
Placing a BTZ BH in AdS3 leads to an interplay between the two 
instabilities. Low frequency modes (as compared to the angular ve-
locity of the horizon, H) are in principle able to extract energy 
and angular momentum from the BH by superradiance. However, if 
the RBC also triggers the bulk instability the latter may be stronger 
and pump more energy into the BH than superradiance is able to 
extract. We observe that for moderately low frequencies BH energy 
extraction exists, so that superradiance dominates. But for the low-
est frequencies the AdS bulk instability is always dominant, and 
energy is transferred into the BH; still the scalar ﬁeld mode is ex-
ponentially growing (and angular momentum is being extracted).
This interpretation is corroborated by the existence of two dif-
ferent types of RBCs (for given set of other parameters) for which 
the energy ﬂux through the horizon vanishes:
• For the ﬁrst boundary condition, the vanishing ﬂux through 
the horizon coincides with a vanishing imaginary part of the 
frequency and a real part that equals the angular velocity of 
the horizon, ω = kH (where k is the azimuthal quantum 
number). These are the stationary clouds discussed previously 
in [32] (see also [35–37,18,38–43,20] for other discussions of 
analogous clouds). They occur at the threshold of the superra-
diant instability.
• For the second boundary condition, however, the imaginary 
part of the frequency is positive and the real part of the fre-
quency is in the (naively) superradiant regime, Re[ω] < kH . 
This supports the view that a dynamical equilibrium has been 
established across the horizon, with a non-vanishing energy 
entering the BH, due to the bulk instability, which is being 
precisely cancelled by the energy extracted from the BH by su-
perradiance. The cancellation, however, does not occur at the 
level of angular momentum ﬂux, which keeps being extracted 
from the BH.
The content of the present paper is as follows. In Section 2 the 
BTZ geometry and Klein–Gordon equation on this geometry are 
brieﬂy reviewed. In Section 3 we discuss the boundary conditions 
to be employed in discussing superradiance, both at the horizon 
and at inﬁnity. In Section 4 we provide a deﬁnition of superradiant 
modes appropriate to the case at hand, and in Section 5 we com-
pute these superradiant modes numerically for several examples 
and discuss the results. Conclusions are presented in Section 6. 
The existence of unstable modes in the Poincaré patch of AdS, un-
der RBCs, is discussed in Appendix A. Throughout the paper we 
employ natural units in which c = GN = 1 and a metric with sig-
nature (− + +).
2. Scalar ﬁeld in the BTZ BH
2.1. BTZ BH
The metric of a non-extremal BTZ BH in Schwarzschild-like co-
ordinates is
ds2 = −N(r)2dt2 + dr
2
N(r)2
+ r2 (dϕ + Nϕ(r)dt)2 , (1)
where
N(r)2 = −M + r
2
2
+ J
2
4r2
, Nϕ(r) = − J
2r2
, (2)M is the mass of the BH and J is its angular momentum. Without 
loss of generality we assume that J > 0, whereas the non-extremal 
condition reads J < M. This BH solution has an event horizon at 
r = r+ and an inner horizon at r = r− , with
r± = 
2
2
⎛
⎝M ±
√
M2 − J
2
2
⎞
⎠ , (3)
and there is an ergoregion for r+ < r < rerg = 
√
M . However, there 
is no speed of light surface, that is, a surface in the exterior region 
for which the Killing generator of the horizon, χ = ∂t + H∂ϕ , 
becomes null outside the horizon, where
H = r−
r+
(4)
is the angular velocity of the horizon. For a non-extremal BH, χ is 
always timelike outside the horizon. This is a key distinction with 
Kerr spacetime, for which there is always a speed of light sur-
face, on which the event horizon generator becomes null outside 
the horizon. Such surface intersects the Kerr ergosphere (i.e. the 
boundary of the ergoregion) for a suﬃciently high rotation param-
eter [44].
2.2. Klein–Gordon equation
We consider a massive scalar ﬁeld  which satisﬁes the Klein–
Gordon equation,(
− μ2
2
)
 = 0 , (5)
where μ2/2 is the effective squared mass, which may include 
a coupling to the curvature as the Ricci scalar R = −6/2 is 
a constant. We assume that the Breitenlohner–Freedman bound, 
μ2 ≥ −1, is satisﬁed [45].
Taking the ansatz (t, r, ϕ) = e−iωt+ikϕφ(r), with ω ∈ C and 
k ∈ Z, and introducing a new radial coordinate
z = r
2 − r2+
r2 − r2−
, (6)
we obtain two linearly independent solutions for φ(z) when2
μ2 = n2 − 1, n ∈ N0 (labelled D = Dirichlet and N = Neumann, 
as explained below),
φ(D)(z) = zα(1− z)β
× F (a,b;a + b + 1− c;1− z) , (7)
φ(N)(z) = zα(1− z)1−β
× F (c − a, c − b; c − a − b + 1;1− z) , (8)
where
α ≡ −i 
2r+
2(r2+ − r2−)
(ω − kH) , β ≡ 1
2
(
1+
√
1+ μ2
)
,
a ≡ β − i ω + k
2(r+ + r−) , b ≡ β − i
ω − k
2(r+ − r−) ,
c ≡ 1+ 2α ,
2 In this paper, we will only consider the case −1 < μ2 < 0; then, RBCs can be 
imposed at spatial inﬁnity. The special case μ2 = −1 needs to studied separately 
and we will not pursue it in this paper.
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tem has the symmetry (ω, k) → (−ω∗, −k) and, hence, we take 
k  0 without loss of generality.
3. Boundary conditions
In this section, we introduce the physical boundary conditions 
that the mode solutions of the Klein–Gordon equation in the ex-
terior region of the BTZ BH must satisfy at both the horizon and 
inﬁnity.
3.1. At the horizon
In order for superradiance to occur, we require “ingoing” 
boundary conditions at the horizon. To impose these conditions, 
it is convenient to consider another set of linearly independent 
solutions,
φ(z) = A zα(1− z)β F (a,b; c; z) + B z−α(1− z)β
× F (a − c + 1,b − c + 1;2− c; z) . (9)
The ﬁrst term corresponds to ingoing modes at the horizon z = 0, 
whereas the second term corresponds to outgoing modes. Hence, 
we set B = 0.
3.2. At inﬁnity
In Refs. [32,34], when dealing with scalar ﬁelds around the BTZ 
BH, we regarded the spacetime as an isolated system, which is 
achieved by imposing RBCs at spatial inﬁnity when the mass pa-
rameter of the scalar ﬁeld is such that −1 < μ2 < 0. For this range 
of the scalar ﬁeld mass, both solutions (7) and (8) are square-
integrable near inﬁnity,
∞∫
dr
√−g gtt∣∣φ(D),(N)(r)∣∣2 < ∞ . (10)
When μ2  0 only φ(D) is square-integrable near inﬁnity and no 
RBCs need be imposed at inﬁnity.
Therefore, for −1 < μ2 < 0, the scalar ﬁeld may be written as
φ(z) ∝ cos(ζ )φ(D)(z) + sin(ζ )φ(N)(z) , (11)
where ζ ∈ [0, π) parametrizes the RBCs. The standard Dirichlet 
boundary conditions correspond to ζ = 0 and we may denote 
by Neumann boundary conditions the case ζ = π2 . However, this 
choice is not unique, as we can take φ(N) to be any other linearly 
independent solution.3
4. Superradiant mode solutions
Imposing boundary conditions at both the horizon and inﬁn-
ity selects a discrete set of mode solutions, whose frequencies we 
compute in this section. In contrast to the case in which Dirichlet 
boundary conditions are imposed at inﬁnity, these frequencies can 
3 When one considers a one-dimensional singular ODE with the singularity lo-
cated at z = z0, there exist two linearly independent solutions. The ﬁrst, called 
principal solution and indicated with φ(D) is the one which tends to 0 as z → z0, 
faster than any other solution, which is not a multiple of it. Such solution always 
exists, it is unique and square-integrable in a neighbourhood of z0. On the contrary 
there is no rational for the choice of φ(N)(z) which is completely arbitrary. Only in 
the case of an ODE which is regular everywhere, one can choose it in such a way 
that the standard Neumann condition holds true, e.g. ∂zφ(N)(z0) = 0. In all other 
cases such conditions become meaningless.only be obtained numerically and we present the numerical results 
in the next section. After obtaining these mode solutions, we iden-
tify those which are superradiant by computing their energy ﬂux 
across the horizon.
4.1. Computation of the modes frequencies
Let us focus on the case −1 < μ2 < 0 for which RBCs are im-
posed at inﬁnity. If we perform the transformation z → 1 − z of 
the hypergeometric function [46] to (9), we obtain
φ(z) = A(c)
[
(c − a − b)
(c − a)(c − b)φ
(D)(z)
+(a + b − c)
(a)(b)
φ(N)(z)
]
. (12)
Comparing with (11), one obtains
cos(ζ )
(a + b − c)
(a)(b)
= sin(ζ ) (c − a − b)
(c − a)(c − b) . (13)
In order for this condition to be satisﬁed for ﬁxed ζ ∈ [0, π), the 
frequencies ω must take a discrete set of values, ω = ωn(k), n ∈N0. 
Since the AdS geometry is a conﬁning geometry and these fre-
quencies will in general be complex-valued, one can regard these 
modes as quasi-bound state modes.
This identity can be solved exactly in the cases ζ = 0 (Dirichlet 
boundary condition) and ζ = π2 (Neumann boundary condition). In 
the ﬁrst case, we get
ω
(D),L
n = k

− i (r+ − r−)
2
(
2n + 1+
√
1+ μ2
)
, (14)
ω
(D),R
n = −k

− i (r+ + r−)
2
(
2n + 1+
√
1+ μ2
)
, (15)
with n ∈N0, and in the second case
ω
(N),L
n = k

− i (r+ − r−)
2
(
2n + 1−
√
1+ μ2
)
, (16)
ω
(N),R
n = −k

− i (r+ + r−)
2
(
2n + 1−
√
1+ μ2
)
. (17)
We distinguish the two sets of solutions as “left” (L) and “right” 
(R) frequencies, a nomenclature also used in [47] for the Dirichlet 
modes. For other RBCs, the condition has to be solved numerically. 
We will do so in Section 5, see Fig. 1.
4.2. Energy ﬂux across the horizon and deﬁnition of superradiant modes
In order to classify a given mode solution as superradiant, we 
check if the energy ﬂows across the horizon towards the exterior 
region of the BH. We note that the Wronskian arguments used in 
the case of asymptotically ﬂat BHs (see e.g. Section 4.4 of [1]) fail 
in asymptotically AdS BHs due to the imposition of RBCs at inﬁnity, 
and thus cannot be used in the case at hand.
It is convenient to consider ingoing Eddington–Finkelstein (EF) 
coordinates (v, r, ϕˆ), where
dv = dt + dr∗ .= dt + dr
N2
, dϕˆ = dϕ − N
ϕ
N2
dr , (18)
where r∗ is the tortoise coordinate,
r∗ = 1
2(r2 − r2 )
[
r+ log
(
r − r+
r + r
)
− r− log
(
r − r−
r + r
)]
. (19)+ − + −
C. Dappiaggi et al. / Physics Letters B 778 (2018) 146–154 149Fig. 1. Real and imaginary parts of some quasi-bound frequencies as a function of ζ/π for a BTZ BH and scalar ﬁeld with  = 1, r+ = 5, r− = 3, μ2 = −0.65 and k = 1
(kH = 0.6).Then, using (9), a mode solution at the horizon is
(v, r+, ϕˆ) = Aˆ e−iωv+ikϕˆ , (20)
with Aˆ = A 
(
4r2+
r2+−r2−
)α
.
The energy ﬂux across the horizon for a mode solution as the 
one above, and allowing ω ∈C, is given by
FE(v) =
2π∫
0
dϕˆ r+χμTμνkν
= F
[
Im[ω]2 + Re[ω](Re[ω] − kH)
]
e2 Im[ω]v . (21)
where F = 2πr+ Aˆ2, χ = ∂v + H∂ϕˆ is the generator of the hori-
zon, k = ∂v and Tμν is the stress-energy tensor of the scalar ﬁeld,
Tμν = ∂(μ∂ν) − 12 gμν
(
gρλ∂(ρ∂λ) + 12
μ2
2
||2
)
. (22)
The expression (21) is in agreement with earlier calculations, e.g. in 
[4,7,40].
The energy ﬂux across the horizon (21) is negative if Im[ω]2 +
Re[ω](Re[ω] − kH) < 0, in which case energy is coming out of 
the BH towards the exterior region. Observe this can only occur 
for k = 0 and H = 0. We will take as an operational deﬁnition of 
a superradiant mode to be a mode for which the energy ﬂux (21) is 
negative. A necessary condition for this ﬂux to be negative is that 
0 < Re[ω] < kH , but it is by no means suﬃcient. If in addition 
|Im[ω]|  Re[ω] we recover the usual result for the superradiance 
regime, 0 < ω < kH (see e.g. [1]).
Furthermore, note that in the case of stationary scalar clouds 
around the BTZ BH considered in Ref. [32], for which ω = kH , the 
energy ﬂux is identically zero, as required. As we will see below, 
these clouds exist at the threshold of the superradiance regime.The ﬂux of angular momentum across the horizon can be com-
puted in a similar fashion:
FL(v) = −
2π∫
0
dϕˆ r+χμTμνmν
= Fk (Re[ω] − kH) e2 Im[ω]v , (23)
where m = ∂ϕˆ . So the angular momentum ﬂux is always towards 
the exterior region if 0 < Re[ω] < kH .
5. Numerical results
In this section, we present the numerical results for the fre-
quencies, energy ﬂux and angular momentum ﬂux of the quasi-
bound state modes as functions of the RBCs.
5.1. Computation of the modes frequencies
As discussed in Section 4.1, the frequencies of the mode solu-
tions satisfying the required boundary conditions at the horizon 
and at inﬁnity must take a set of discrete values. Our goal is to 
ﬁnd if any of these mode solutions is superradiant for a ﬁxed RBC, 
i.e. if for any of these mode solutions the energy ﬂux across the 
horizon (as well as the angular momentum ﬂux) is negative.
First, we compute these quasi-bound frequencies ωζ for each 
ζ ∈ [0, π) parametrizing the RBC by numerically solving Eq. (13)
for ω for a given BH conﬁguration (ﬁxed , r+ and r−) and scalar 
ﬁeld conﬁguration (ﬁxed μ2 and k). We plot the real and imagi-
nary parts of these frequencies as a function of ζ for a represen-
tative example in Fig. 1. The red dots correspond to quasi-bound 
frequencies in the case of Dirichlet (ζ = 0) and Neumann (ζ = π2 ) 
boundary conditions, which can also be computed analytically [see 
Eqs. (14)–(17)] and which served as a check of the numerical com-
putation.
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BTZ BH and scalar ﬁeld with  = 1, r+ = 5, r− = 3, μ2 = −0.65 and k = 1.5.2. Computation of the energy ﬂux across the horizon
Having obtained the quasi-bound frequencies for all values of 
ζ ∈ [0, π), we want to verify if any of them is superradiant by 
computing their energy ﬂux across the horizon. Thankfully, we can 
restrict our attention to a small set of modes using the following 
arguments.
A necessary condition for a mode to be superradiant is that 
0 < Re[ω] < kH . Hence, according to Eqs. (14)–(17), for Dirich-
let (ζ = 0) and Neumann (ζ = π2 ) boundary conditions, none of 
the modes are superradiant [recall that H = r−/(r+)]. This is 
in agreement with Ref. [28] which analysed the Dirichlet case. 
Also note that for both boundary conditions the frequencies of the 
modes are such that Im[ω] < 0.
Moreover, we know from [32] that for ζ = ζc, where
tan(ζc) =
(2β − 1)
∣∣∣(1− β + i kr+
)∣∣∣2
(1− 2β)
∣∣∣(β + i kr+
)∣∣∣2 , (24)
there is one mode solution with Re[ω] = kH and Im[ω] = 0, 
the stationary scalar cloud, for which the energy ﬂux across 
the horizon is zero. It is easy to see that ζc ∈ ( π2 , π), as β =
1
2
(
1 + √1+ μ2) and −1 < μ2 < 0. From numerical results such 
as those presented in Fig. 1, we verify that this mode is continu-
ously connected, as a function of ζ , to the Dirichlet and Neumann 
n = 0 quasi-bound state modes of type L, Eqs. (14) and (16). For 
ﬁxed RBC, all the other quasi-bound frequencies are such that 
Im[ω] < 0.These observations, together with (21), allow us to conclude 
that, with ﬁxed RBC, only the mode with frequency with largest 
imaginary part (continuously connected with the n = 0 modes of 
type L) may have negative energy ﬂux across the horizon and only 
for ζ in a range contained in (ζc, π). Hence, in the numerical com-
putations we performed, we focused on this mode, for which we 
computed its frequency and energy and angular momentum ﬂuxes 
across the horizon as a function of ζ . In Figs. 2, 3 and 4, we present 
such numerical results for three sets of input data.
5.3. Discussion of the results
In Figs. 2, 3 and 4 we presented the numerical results for the 
frequencies and energy and angular momentum ﬂuxes as a func-
tion of ζ parametrizing the RBC at inﬁnity for several represen-
tative examples of BTZ BHs and scalar ﬁeld conﬁgurations. These 
results allow us to conclude that, for a given BTZ BH and massive 
scalar ﬁeld, there exists a range of RBCs for which there are mode 
solutions whose energy ﬂux across the horizon is negative, that is, 
the energy ﬂux is towards the exterior region of the BH. Accord-
ing to the deﬁnition we proposed in Section 4.2, we identify these 
mode solutions as superradiant modes.
More concretely, for a BTZ BH with given , r+ and r− and a 
scalar ﬁeld mode solution with ﬁxed μ2 and k, there is a range of 
RBCs with ζ ∈ (ζc, ζ ′) ⊂ ( π2 , π) for which the energy (and angular 
momentum) ﬂux across the horizon (21) is negative.
It is important to note that, contrarily to the intuition coming 
from asymptotically ﬂat, rotating BHs, it is not the case that all 
modes with Im[ω] > 0 are superradiant. For ζ ∈ (ζ ′, π) the afore-
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BTZ BH and scalar ﬁeld with  = 1, r+ = 1, r− = 0.99, μ2 = −0.65 and k = 1.mentioned mode solution has Im[ω] > 0 but the energy ﬂux across 
the horizon is positive and, therefore, it is not superradiant.
However, we see from the numerical results that for these 
mode solutions Im[ω] appears to diverge as ζ → π− . To see this, 
rewrite (13) as
tan(ζ ) =

(√
1+ μ2
)

(
1
2 − 12
√
1+ μ2 − i2 ω−kr+−r−
)

(
−√1+ μ2)( 12 + 12√1+ μ2 − i2 ω−kr+−r−
)
×

(
1
2 − 12
√
1+ μ2 − i2 ω+kr++r−
)

(
1
2 + 12
√
1+ μ2 − i2 ω+kr++r−
) . (25)
Note that the reciprocal gamma function 1/(z) is an entire func-
tion of z which has zeros at z ∈ Z−0 [which correspond to the 
Dirichlet frequencies (14) and (15)]. Moreover, it tends to zero 
when Re[z] → +∞. In terms of the expression above, this implies 
that Im[ω] → +∞ as ζ → π− . This is indeed what is observed 
numerically.
This divergence of the imaginary part of the frequency also oc-
curs for “bound” state mode solutions of the massive Klein–Gordon 
equation in the Poincaré patch of AdS3 for a subclass of RBCs with 
ζ between some value and π , as described in Appendix A. This in-
dicates that the behaviour of the frequency in the BH spacetime 
for RBCs with ζ just below π is due to the AdS asymptotics of the 
spacetime, which overshadows the superradiance effect caused by 
the rotating nature of the BH. This also explains why not all modes 
with Im[ω] > 0 are superradiant; only those with RBCs such that 
ζ ∈ (ζc, ζ ′) for which the energy ﬂux across the horizon is nega-tive are superradiant. When ζ ∈ (ζ ′, π), the energy ﬂux is positive 
and the growth of the mode is caused by the bulk AdS instability.
6. Conclusions
In this paper we have shown that, for certain choices of RBCs 
at the conformal boundary, there exist superradiant modes of mas-
sive scalar ﬁelds in the background of a rotating BTZ BH. These 
choices do not include the commonly used Dirichlet boundary con-
ditions, which explains why the phenomenon of superradiance in 
the BTZ BH has not been thoroughly explored in the literature so 
far. Moreover, as anticipated in [32], the superradiance regime for 
the massive scalar ﬁeld has its onset with the stationary scalar 
clouds which, for ﬁxed background and ﬁeld parameters, can only 
exist for RBC parametrized by ζ = ζc given by (24).
The AdS asymptotics, together with the RBCs and the particular-
ities of the BTZ BH, make the overall picture on the superradiant 
modes signiﬁcantly different from the one for asymptotically ﬂat 
BHs such as the Kerr BH. In particular, we have shown that not all 
mode solutions growing exponentially in time (equivalently, with 
frequencies with positive imaginary part) are superradiant, that is, 
have energy ﬂux across the horizon towards the exterior region. In 
fact, for ﬁxed spacetime and ﬁeld parameters, we see two compet-
ing regimes:
• For RBCs with ζ ∈ (ζc, ζ ′) ⊂ ( π2 , π) there exists a mode solu-
tion whose frequency has positive imaginary part and whose 
energy (and angular momentum) ﬂux across the horizon is 
negative — a superradiant mode.
• For RBCs with ζ ∈ (ζ ′, π) there exists a mode solution whose 
frequency has positive imaginary part and whose energy ﬂux 
152 C. Dappiaggi et al. / Physics Letters B 778 (2018) 146–154Fig. 4. Real and imaginary parts of the frequency and ﬂuxes of energy FE/F and angular momentum FL/F across the horizon for the mode 0,L as a function of ζ/π for a 
BTZ BH and scalar ﬁeld with  = 2, r+ = 1, r− = 0.5, μ2 = −0.65 and k = 1.across the horizon is positive — an unstable mode due to the 
AdS asymptotics. Still, angular momentum is extracted from 
the BH, showing superradiance is still occurring, but it is being 
subdominant in terms of energy exchanges between the BH 
and the bulk AdS spacetime.
A feature that remains intriguing is that we have to consider 
RBCs, other than Dirichlet, to ﬁnd superradiant modes in the BTZ 
BH. This seems to be a speciﬁc feature of this (2+1)-dimensional 
spacetime, since superradiance may be found in other asymptot-
ically AdS BHs, such as the Kerr-AdS BH with Dirichlet boundary 
conditions [21]. This may be related to the fact that the horizon 
null generator χ = ∂t + H∂ϕ is always timelike outside the hori-
zon, in BTZ, but not for Kerr-AdS, say. However, the existence of 
the non-superradiant, unstable mode for certain RBCs is a generic 
consequence of the imposition of these boundary conditions and 
they should exist for other asymptotically AdS BHs.4
4 We would like to thank J. E. Santos for drawing our attention to the fact that 
in AdS/CFT studies these RBCs have been considered, e.g. in [48], as well as the in-
stabilities they may generate. This reference which extends in part the work in [29]
in pure AdS, allowing interacting terms. In [29], it is shown that the self-adjoint 
extension of the Hamiltonian operator in the free case fails to be positive for a cer-
tain range of the mass parameter. If one imposes in addition the BF bound, this 
range agrees with that in which bound states (with negative eigenvalues) were 
found in [31]. It is noteworthy that, for this range, the Hamiltonian operator, though 
not positive, is bounded from below. An analogous result was found for the BTZ BH 
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Appendix A. Unstable modes in the Poincaré patch of anti-de 
Sitter
The classical theory of a massive scalar ﬁeld propagating in the 
Poincaré patch of AdSd+1 was analysed in Ref. [31]. Here, we repro-
duce the main results for 2+1 dimensions and discuss the existence 
of an unstable mode for a subclass of RBCs imposed at inﬁnity.
The metric of the Poincaré patch of AdS3 is
ds2 = 
2
2
(
−dt2 + dz2 + dx2
)
, (A.1)z
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Poincaré patch of AdS3 and scalar ﬁeld with  = 1, ν = 1/3 and k = 1.
with z > 0. The surface z = 0 corresponds to part of the conformal 
boundary of AdS3 and these coordinates cover half of global AdS3.
We consider a massive scalar ﬁeld  satisfying the Klein–
Gordon equation,(
− μ2
2
)
 = 0 , (A.2)
where μ2/2, with μ2 > −1, is the effective squared mass of the 
scalar ﬁeld which, as with the BTZ spacetime, may include a cou-
pling to the curvature, as the Ricci scalar R = −6/2 is a constant.
Using the ansatz (t, z, x) = e−iωt+ikxφ(z), we obtain two lin-
early independent solutions for φ(z),
φ(D)(z) =
√
π
2
q−ν z Jν(qz) , (A.3)
φ(N)(z) =
√
π
2
qν z J−ν(qz) , (A.4)
with q2 ≡ ω2 − k2. It is shown in [31] that RBCs may be applied 
at z = 0 only if ν ∈ (0, 1), where ν ≡ √1+ μ2. In this case, the 
solution may be written as
φ(z) = cos(ζ )φ(D)(z) + sin(ζ )φ(N)(z) , (A.5)
with ζ ∈ [0, π) parametrizing the RBC. These solutions are square 
integrable eigensolutions of the eigenvalue problem associated 
with the ﬁeld equation in z and spectral parameter q2 > 0. How-
ever, it can be shown that there is an extra, negative eigenvalue 
q2 = − [cot(π − ζ )]1/ν when ζ ∈ ( π2 , π) with square integrable 
eigensolution of the form zKν([cot(π − ζ )]1/(2ν)z). This is inter-
preted as a bound state mode solution, as it is exponentially sup-
pressed as z → ∞.
A given bound state mode solution with ﬁxed k and for ﬁxed 
RBC has two possible frequencies,
ω = ±
√
k2 − [cot(π − ζ )]1/ν . (A.6)
When ζ is such that k2 > [cot(π − ζ )]1/ν , ω is real-valued and 
we can always take it to be positive without loss of generality. 
Otherwise, when ζ is such that k2 < [cot(π − ζ )]1/ν , ω is purely 
imaginary and can have positive or negative imaginary part. In 
Fig. 5, as an example, we plot the imaginary part of this frequency 
for the bound state mode solution with positive imaginary part.
We conclude that there exists a subclass of RBCs for which 
there is a mode solution which has a purely imaginary frequency 
with positive imaginary part, meaning that this mode grows expo-
nentially in time. For these boundary conditions, of which Dirichlet 
(ζ = 0) is not an example, the Poincaré patch of AdS3 is therefore linearly unstable to scalar mode perturbations. Note that this linear 
instability is conceptually different from the well-known weakly 
turbulent instability of AdS, which is nonlinear in nature and oc-
curs even with Dirichlet boundary conditions (for a recent review 
see [49]).
Another feature of this unstable mode is that its frequency has 
imaginary part which diverges as ζ → π− , as can be deduced from 
(A.6). It implies that the time scales involved in this instability are 
smaller for RBCs with values of ζ closer to π . As it is seen in 
the main text, this behaviour also occurs for the BTZ BH and is a 
consequence of the AdS asymptotics of the spacetime.
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